A compact 4-dimensional manifold is a non-singular graph-manifold if it can be obtained by glueing T 2bundles over compact surfaces (with boundary) of negative Euler characteristics. If none of glueing diffeomorphisms respect the bundle structures, the graph-structure is called reduced. We prove that any homotopy equivalence of closed oriented 4-manifolds with reduced nonsingular graph-structures is homotopic to a diffeomorphism preserving the structures.
Introduction
In the paper [18] , Waldhausen introduced a class of orientable 3-manifolds called graph-manifolds that can be obtained by glueing blocks that are Seifert manifolds along homeomorphisms of their boundary tori. These manifolds are not always sufficiently large, but for them one can introduce a notion of reduced graph-structure (i.e. a structure in which no family of neighboring blocks can be replaced by a single block), and then, but a few explicit exceptions, the existence of a homeomorphism between two 3-dimensional graph-manifolds with reduced graph-structures implies the existence of a homeomoprhism respecting reduced graph-structures, from where comes a classification of such 3-manifolds.
3-dimensional graph-manifolds are important because they naturally come about as the boundary of resolved isolated complex singularities of polynomial maps (C 2 , 0) → (C, 0) ( [3] ), as the surfaces of constant energy of integrable hamiltonian systems with two degree of freedom ( [4] ), and as 3-manifolds admitting an injective Fstructure (a generalization of an injective torus action) [13] .
Our goal is to study a class of smooth four-dimensional manifolds generalizing three-dimensional graphmanifolds (with blocks without singular fibers) and having fundamental groups of exponential growth (hence, to which the high-dimensional techniques do not apply).
Definition. 1) A (nonsingular) block is a T 2 -bundle over a compact surface (with boundary) of negative Euler characteristic. 2) A (nonsingular) graph-manifold structure on a manifold is a decoposition as a union of blocks, glued by diffeomorphisms of the boundary.
Note that the boundary of a block has the structure of a T 2 -bundle over a circle. Definition. A graph-manifold structure is reduced if none of the glueing maps are isotopic to fiber-preserving maps of T 2 -bundle.
Any graph-structure give rise to a reduced one by forming blocks glued by bundle maps into larger blocks. Main theorem. Any homotopy equivalence of closed oriented 4-manifolds with reduced nonsingular graphstructures is homotopic to a diffeomorphism preserving the structures. Proposition 1. Let W be a compact smooth oriented 4-dimensional manifold with π 2 (W ) = 0 and M 1 , M 2 be compact oriented 3-manifolds with π 2 (M 1 ) = π 2 (M 2 ) = 0. Let f 1 : M 1 → W be a π 1 -injective map and f 2 : M 2 → W be a π 1 -injective embedding. Then
• f 1 is homotopic to a map f 1 such that each connected component of f −1 1 (f 2 (M 2 )) is π 1 -injective in M 1 .
• if π 3 (W ) = 0 and M 1 is irreducible, then all the S 2 -components of f −1 1 (f 2 (M 2 )) can be eliminated by homotopy of f 1 .
• in addition, if f 1 is an immersion then the homotopies can be made regular.
Proof. Move f 1 by a small (regular if f 1 immersion) homotopy to make it transverse to the submanifold f 2 (M 2 ). Then F = f −1 1 (f 2 (M 2 )) is a closed 2-dimensional surface which is embedded into M 1 (and immersed into M 2 if f 1 is immersion): 
As f 2 (M 2 ) is closed and M 1 is compact, the surface F has only a finite number of connected components ([1], corollary 17.2(IV)).
We denote by f * the homomorphism that f induces in the fundamental groups.
Step 1: construction of map (resp., an immersion) α : D 2 × I → W -the image of the future homotopy (respectively, regular homotopy).
Consider the map f 1 β :
).
Note now that π 2 (W, f 2 (M 2 )) = 0 because for the embedding f 2 the corresponding map induced in the fundamental groups f 2 * : π 1 (M 2 ) → π 1 (W ) is injective and the homotopy sequence of the pair (W, f 2 (M 2 ))
is exact. This implies that f 1 β is homotopic to a map D 2 → f 2 (M 2 ) which can be written as f 2 β 2 :
More, the homotopy can be made in such a way, that ∀t H| ∂D 2 ×{t} = H| ∂D 2 ×{0} = f 1 β| ∂D 2 .
Step 1.1: case of the ordinary homotopy. In the case when f 1 is just a map and we are interested in an ordinary homotopy, put α := H. As
, we can say that α extends to a map D 4 → W 4 : and move to the next step.
Step 1.2: case of the regular homotopy. In the case when f 1 is an immersion (with trivial normal bundle since everything is orientable) and we are looking for a regular homotopy, let us show that this map H can be changed to an immersion. As H| D 2 ×{0} = f 1 β : D 2 → W is an immersion, its derivative dH| D 2 ×{0} = d(f 1 β) is correctly defined and gives a bundle injection
Since D 2 × I retracts to D 2 × {0}, this bundle injection extends to a bundle injection T (D 2 × I) −→ H * T W that on D 2 × {1} restricts to a subbundle of (H| D 2 ×I ) * T M 2 . Applying the Immersion Theorem gives an immersion α :
Note that the immersion α is flat (D 2 × I and W being oriented): there exists a map
As β is flat (being embedding), we have in
We will use the notation
Step 2: homotopy description. As the result of the above construction we have:
• an embedding of 2-disk β :
• a map (respectively, a flat immersion) of 3-disk α :
We will now change the map f 1 firstly by pushing f 1 | βε(D 2 ×I) across α ε (D 3 × I) to a map (respectively, an immersion) into W whose image lies in f 2 (M 2 ); secondly we compose it with the pushing along the normal bundle of
in such a way that:
• in a small neighborhood U ⊃ β ε (D 2 × I) the map (respectively, the immersion) f 1 is changed by homotopy (resp., regular homotopy) to a map (respectively, an immersion) f 1 such that f −1 • and the map f 1 does not change on the complement of U in M 1 .
The homotopy (respectively, regular homotopy) works as following.
Step 3: homotopy on a disk. Let us decompose ∂D 4 as union of two 3-discs S 3 + and S 3 − with S 3 + ∩ S 3 − = S 2 . Let I be an isotopy D 3 × I → D 4 that sends 3-disk S 3 + on 3-disk S 3 − as shown on Figure 4 . Figure 4 : Homotopy sending S 3
Take now the composition α ε I : D 3 × I → D 4 (α ε being the flat extension of α): it provides a homotopy (respectively, a regular homotopy) sending
Take then the composition of α ε I with the pushing out along the normal bundle of f 2 (M 2 ) in W 4 (which is trivial, because f 2 (M 2 ) and W 4 are orientable). At this moment the map f 1 will be changed not only on the 3-disc β ε (D 2 × I), but on its small neighborhood U ⊂ M 1 .
After changing the map f 1 restricted on 3-disk U ⊂ M 1 , glue it with the restriction of f 1
Step 4: change α to make α(
. Motivation. If we want the homotopy described on the previous step create no new intersections of f 1 (M 1 ) and f 2 (M 2 ), we have to make the image of the interior of the disk α(
Denote by ∆ the union of G and all components of D 3 \ G that do not contain ∂D 3 . Note some components of G may be in the interiour of ∆. LetĜ = ∂∆. Since ∆ is an open subspace of a manifold, it is a manifold. Let us show that ∆ is aspherical. If we show that π 2 (∆) = 0, it will give us the asphericity: take the universal covering ∆, we have H i ( ∆) = 0, i ≥ 3 because it's an open 3-manifold; then, by Whitehead's theorem, π i ( ∆) = 0, i ≥ 3, and we conclude that π i (∆) = π i ( ∆) = 0. Suppose that π 2 (∆) = 0. Then, by the Sphere Theorem, there exists an embedded S 2 ֒→ ∆ representing a non-trivial element in π 2 (∆). This S 2 bounds a ball in D 3 . This ball must be contained in ∆, therefore π 2 (∆) = 0.
Note that ∆ can be rather complex, for example, be a knot complement. Extension of α|Ĝ on ∆ and change α. Now, let's show that we can always extend the map α|Ĝ :Ĝ → f 2 (M 2 ) to a map α ′ : ∆ → f 2 (M 2 ). AsĜ and ∆ are aspherical, it will be enough to extend this map on the fundamental group of each component of ∆. As f 2 is a π 1 -injective embedding, we have π 1 (M 2 ) ∼ = π 1 (f 2 (M 2 )).
We have cb = d 2 d 1 a, so that Im cb = 1. As c is a monomorphism, it follows that Im b = 1, thus, b ≡ 1. We can define the homomorphism α ′ * : π 1 (∆) → π 1 (M 2 ) ∼ = π 1 (f 2 (M 2 )) as being the constant 1, too. So we can define a new map α : D 3 −→ W as follows:
We have a new map (which for simplicity we still note by α) α :
Step 5: the number of disks in M 1 , on which the homotopy of f 1 must be done, is finite. Suppose we made the homotopy of the map f 1 on one disk. Suppose that the obtained surface F (whose topological type has changed) is still not π 1 -injective in M 1 . After the surgery the new surface is still oriented, hence again there is an embedded compressing disk in M 1 , on which again one can do the surgery by homotopy of f 1 etc. After each surgery the topological type of the surface F changes as follows: either the genus of one component of F decrements, or one component splits into two components, the sum of genera of which is not greater than the genus of the original component. As F is compact, the genera of all its components are finite, and as it was pointed out before Step 1, the number of components of F is finite, hence, the process will terminate after a finite number of steps. This is the advantage that we get from replacing the homotopic information (Ker g * = 0) by the geometric information (there exists an embedded loop which is trivialized by an embedded disk): the infinite kernel is killed in a finite number of steps.
As the result we obtain a surface that is π 1 -injective in M 1 , but which could contain spheres among its components.
Step 6: elimination of S 2 -components provided π 3 (W ) = 0 and M 1 being irreducible. If the obtained surface F contains S 2 -components, then, as M 1 is irreducible and π 2 (M 2 ) = 0, every such S 2 -component bounds an embedded 3-disk in M 1 and a homotopy 3-disk in M 2 : there exist an embedding γ 1 :
If π 3 (W ) = 0, then the map of 3-sphere, whose image is S 3 + S 3 − , bounds a homotopy 4-disk: there exists λ :
, and which, in addition, can be made an immersion on each D 3 × {t}. In order to eliminate chosen Figure 6 ), then, push it off f 2 (M 2 ) along the normal bundle of f 2 (M 2 ) in W , then glue with the map on M 1 \ S 3 + .
Torus bundles
A torus bundle here will be a fiber bundle f : M → B with fibers diffeomorphic to T 2 , smooth if the base is a smooth manifold. The monodromy is the action of π 1 (B) on H 1 of the fiber:
Choosing an identification of the fiber with T 2 (equivalently, a basis for H 1 (T 2 )) identifies the automorphism group as GL(2, Z). The classifying map for a torus bundle is B → B Dif f (T 2 ) . These is 2-stage Postnikov decomposition
, ch.4, p.51). If B is aspherical, for example a surface with non-empty boundary, this implies that a bundle is determined up to isomorphism by the conjugacy class of its monodromy. However the nontrivial π 2 in the classifying space shows bundles on surfaces are not defined rel boundary by the monodromy. A fiber map is a pair of maps, one on the total spaces and one on the bases so that the diagram
commutes. Bundle map is a fiber map so that on coordinate charts it is given by function into the structure group.
As the inclusion Dif f (T 2 ) ֒→ G(T 2 ) (the monoid of self-homotopy equivalences of torus) is homotopy equivalence ( [5] ), the existence of a bundle map between T 2 -bundles is equivalent to the existence of a fiber map inducing homotopy equivalence on the fibers.
A fiber covering map of bundles here will be a fiber map, which is finite covering on fibers. The degree of the covering on different fibers is clearly the same.
If B is aspherical, there exists a fiber covering map of T 2 -bundles with monodromies ϕ 1 , ϕ 2 if and only if there exists a monomorphism α :
Then f is homotopic to a fiber covering map if and only if the induced map on π 1 sends the fiber subgroup of π 1 (E 1 ) into the fiber subgroup of π 1 (E 2 ).
Proof. The π 1 condition is well-defined (independent of basepoints) because the fiber defines a normal subgroup of π 1 . A fiber covering map clearly verifies the condition. Now suppose f sends the subgroup of fiber of E 1 into the subgroup of fiber of E 2 . Then it induces an homomorphism on quotient groups. This gives a π 1 -injective map of the base spaces and a commutative up to homotopy diagram
Let E * 2 be the pullback of E 2 to G 1 . Then f factors as f * : E 1 → E * 2 and an isomorphic on fibers map E * 2 → E 2 , so it is sufficient to show that f * is homotopic to a fiber covering map, which follows from the commutative diagram of short exact sequences. Proposition 2. Suppose E is homotopy equivalent to a T 2 -fibration over a graph G. Then this structure is unique up to homotopy unless G ∼ = S 1 and the monodromy is conjugate to 1 n 0 m .
Proof. According to the lemma 1 it is sufficient to show that there is a unique normal subgroup isomorphic to Z ⊕ Z and with free quotient except when G ∼ = S 1 and the monodromy has the specified form. Case 0. G contractible, so E ∼ = T 2 , and π 1 (E) ∼ = Z ⊕ Z, then π 1 (E) is the only such subgroup. Case 1. G ∼ = S 1 . Then the fundamental group of the fiber is the commutative subgroup of π 1 (E) unless the monodromy has an eigenvector with eigenvalue 1. This shows the monodromy is conjugate to 1 n 0 m . In this case either π 1 (E) ∼ = Z 3 or the commutator subgroup is Z, with quotient Z 2 . This means E is homotopic to an S 1 -bundle over T 2 . Taking non-homotopic fibering T 2 → S 1 induces non-homotopic T 2 -bundle structure on E. Case 2. π 1 (G) is non-abelian free group. Consider the exact homotopy sequences of two T 2 -bundles on E. In the sequence of first bundle
we have Im j ⊂ Im α = Ker β, because β(Im j) ⊂ π 1 (G) is an abelian normal subgroup, hence trivial (theorem 2.10 of [10] ). Similarly, from the sequence of the second bundle we have Im α ⊂ Im j, hence these subgroups coincide in π 1 (E).
Corollary 1. If a 4-manifold is a T 2 -bundle over a surface with boundary different from annulus and Möbius band, then this structure is unique up to bundle homotopy.
Proof. A surface with boundary has the homotopy type of a graph.
Proposition 3. Let f : E 1 → E 2 be a π 1 -injective map between T 2 -bundles over aspherical surfaces. Then f is homotopic to a fiber covering map unless E 1 either comes from S 1 -bundle over 3-dimensional S 1 -bundle over aspherical surface (whose π 1 contains a normal Z) or is T 4 or T 2 × K 2 .
Proof. Denote the projection p : E 2 → B and G := Im (p * f * ). Let B 2,G be a covering of B 2 corresponding to G,
Denote the kernel of π 1 (E 1 ) → π 1 (B 1 ) by K 1 and the kernel of (p Gf ) * : π 1 (E 1 ) → π 1 (B 2,G ) by K 2 .
Both kernels are isomorphic to Z ⊕ Z, and lemma 1 implies that f is homotopic to a fiber covering map if and only if K 1 = K 2 . Case 1.
As π 1 of aspherical surface has no torsion, it means K 1 = K 2 . It gives a map B 1 → B 2,G such that up to homotopy all the squares of the diagram commute
and hence a map B 1 → B 2 which with f gives a fiber covering map.
In this case π 1 (B 1 ) contains Z as normal subgroup, hence B 1 is T 2 , Klein bottle K 2 , S 1 ×I or Möbius band. As (K 1 ∩ K 2 ) ⊳ π 1 (E 1 ) and the monodromy acts by conjugation, in this case the monodromy of E 1 → B 1 preserves a curve in the fiber. This curve is embeded because there is no torsion in π 1 (B 1 ) (and hence K 1 /(K 1 ∩ K 2 ) ∼ = Z).
So that, E 1 is a S 1 -bundle over 3-dimensional manifold W
and W itself is S 1 -bundle over B 1 . Denote K 3 ⊳ π 1 (W ) the corresponding fiber subgroup. The subgroup K 2 /(K 1 ∩ K 2 ) ∼ = Z is normal in π 1 (W ) with quotient isomorphic to π 1 (B). The subgroups K 3 and K 2 /(K 1 ∩ K 2 ) coinside if and only if f is fiber covering. If K 3 = K 2 /(K 1 ∩ K 2 ), refiber W by S 1 with fiber subgroup K 2 /(K 1 ∩ K 2 ). Together with E 1 → W it will give another T 2 -fibration of E 1 , in which f will be fiber-covering. Case 3. K 1 ∩ K 2 ≡ 1.
In this case π 1 (B 1 ) contains a normal Z ⊕ Z, hence B 1 is T 2 or a Klein bottle, and π 1 (E 1 ) injects into
the monodromy of the second line is trivial, the morphisms between the lines are injective and the diagram commutes. There are obvious different T 2 -fibrations of T 4 . For T 2 × K 2 , diferent T 2 fibrations can be seen by taking in
the projections of K 2 × K 2 onto different factors.
Corollary 2. Any π 1 -injective map f : (E 1 , ∂E 1 ) → (E 2 , ∂E 2 ) of torus bundles over surfaces with non-empty properly π 1 -injective boundary is homotopic rel boundary to a fiber-covering map.
Proof. The condition on base implies that we are in the Case 1 of Proposition 3. Hence f is homotopic to a fiber-covering map. By the lemma 1 it means that induced map on π 1 's send the fiber subgroup of E 1 into the fiber subgroup of E 2 . From where f | ∂E 1 is homotopic to a fiber-covering map too, because ∂E i is a subbubdle of E i . Denote the corresponding homotopies by {f t } :
For each t, the step maps f t and g t are both homotopic to f | ∂E 1 ×{0} . Presenting E 1 as ( 
Corollary 3. Any homotopy equivalence rel boundary of torus bundles over surfaces with non-empty properly π 1 -injective boundary is homotopic rel boundary to a diffeomorphism.
Proof. According to Corollary 2, both maps of the homotopy equivalence can be made fiber covering maps by homotopy rel boundary. As both of them are of degree ±1, they are isomorphisms on the fibers. This and the commutative diagram of fundamental groups imply that the monodromies are conjugate, hence the bundles are isomorphic. As the obtained diffeomorphism of aspherical total spaces induces the same preserving periferical structure isomorphism of π 1 's as the initial map, they are homotopic rel boundary.
Recall that a subgroup A is said to be square root closed in G if for every element g ∈ G such that g 2 ∈ A one has g ∈ A, too. Proof. If B = D 2 , the homomorphism π 1 (E| S ) → π 1 (E) is onto and the statement is obvious. If B is different from the disc and Möbius band, π 1 (E| S ) → π 1 (E) is injective. As the diagram
commutes, π 1 (E| S ) ⊂ π 1 (E) is square root closed if and only if π 1 (S) ⊂ π 1 (B) does. Suppose π 1 (S) ⊂ π 1 (B) is not square root closed. Choose a / ∈ π 1 (S) with a 2 ∈ π 1 (S). As π 1 (B) is free, and square roots are unique in free groups, so a 2 must be an odd power of the generator of π 1 (S).
Next observe that there is a Möbius band (M, ∂M ) → (B, S) with π 1 (M ) → a, π 1 (∂M ) → a 2 . Attach disks to M and B to get a map of
The composition is the same as boundary map H 1 (∂M ; Z 2 ) → H 1 (S; Z 2 ) which is an isomorphism because a is an odd power of the generator. Therefore we conclude H 2 (B ∪ S D 2 ; Z 2 ∼ = Z 2 and RP 2 → B ∪ S D 2 is an isomorphism on H 2 with Z 2 coefficients. It follows that B ∪ S D 2 is closed and π 1 (RP 2 ) → π 1 (B ∪ S D 2 ) has finite odd index. But RP 2 is the only closed surface with finite π 1 , so B ∪ S D 2 ∼ = RP 2 , and B is a Möbius band.
Graph-manifolds
We use the term non-singular block for the total space of a T 2 -bundle over a compact surface (with nonempty boundary) different from a 2-disc, an annulus and a Möbius band (hence, a surface with free non-abelian fundamental group). Boundary components of blocks are T 2 -bundles over S 1 and are π 1 -injective in blocks.
Definition 1. A 4-dimensional closed connected compact oriented manifold is a non-singular graph-manifold if it can be obtained by gluing several blocks by diffeomorphisms of their boundaries.
Fot simplicity we will say "blocks" instead of "non-singular blocks" and "graph-manifolds" instead of "non-singular graph-manifolds". Examples. The simplest examples of 4-dimensional graph-manifolds are T 2 -bundles over closed hyperbolic surfaces (all the glueing diffeomorphisms being trivial). A more interesting examples can be constructed by taking oriented S 1 -bundles over some 3-dimensional graph-manifolds: for instance, such that all their blocks have π 1injective boundary components (for exemple, lens spaces are not good as bases) and all the blocks being locally trivial S 1 -bundles (i.e. no exceptional Seifert fibers).
Any decomposition as a union of blocks will be called a graph-structure. Topologically, a graph-structure is determined by a system of embedded π 1 -injective T 2 -bundles over circles, called decomposing manifolds. A graph-structure is reduced if all the glueing diffeomorphisms are not fiber-preserving, or, equivalently, if the induced isomorphism of π 1 's does not preserve the fiber subgroup. As the fiber subgroup is unique in π 1 of the block, the notion of reduced structure is well defined. Immediate properties. Graph-manifolds are aspherical: as inclusions of boundary components into blocks are π 1 -injective, they are graphs of aspherical spaces, and the universal covering of a graph of aspherical spaces is contractible ( [14] ), prop. 3.6 p.156). The definition also implies that the Euler characteristic of graph-manifolds is 0, because the Euler characteristic of block is 0, and gluings are made along 3-manifolds. Finally, graph-manifolds can be smoothed: the blocks are smooth, and gluings are made by diffeomorphisms of 3-manifolds. More, a given graph-structure determines the smoothing in a unique way, because the smooth structure on a 3-manifold is unique and homotopic diffeomorphisms of torus bundles over S 1 are isotopic ( [19] ).
Proposition 5. The signature of a closed oriented graph-manifold W 4 with reduced graph-structure all the blocks of which have orientable bases is σ(W 4 ) = 0.
Proof. The blocks of an orientable graph manifold are orientable, and the signature of the graph-manifold induces the orientations on the blocks. One can assume that all the orientations of blocks are such that glueing diffeomorphisms reverse the induced orientation of boundaries. The orientation on a block comes from the orientation of its fiber plus the orientation of its base. Hence we can speak about presentation of boundaries of blocks as some M ϕ i = (T 2 × I)/(x; 0) ∼ (ϕ i (x); 1), ϕ i ∈ SL(2, Z).
Determine first the signatures of blocks. In a reduced graph-structure, the boundaries of all the blocks have many non-isotopic T 2 -bundle structures. Hence the monodromies of all decomposing manifolds must be conjugate to 1 n i 0 1 (Proposition 2). Thus by Meyer's Theorem [11] , the signature of a block M 4 of such a manifold is denote G = Im f * ; p b * (G) is non-trivial (by assumption). We have γl * f * (G)γ −1 ⊂ Im l * , hence p * (γ) l p * p b * (G) p * (γ −1 ) ⊂ Im (l p * p b * ) ∼ = Z.
As l p * p b * (G) is abelian and non-trivial, and Im (l p * p b * ) is generated by primitive element of π 1 (B 2 ), we conclude that p * (γ) ∈ Im (l p * ) ( [9] ), hence γ ∈ Im l * . Proposition 6. Let W = ∪W i and W ′ = ∪W ′ k be non-singular graph-manifolds with reduced graph-structures. Then any π 1 -injective map f :
Proof.
Step 1: any π 1 -injective map of torus bundle over circle f : M ϕ → W ′ is homotopic to a fiber covering map into one block.
By Main Technical Result, one can move f by homotopy such that the inverse image by f of decomposing submanifolds becomes disjoint union of π 1 -injective 2-tori, embedded in M ϕ . Then M ϕ cut along them is either Remark 1. This observation implies that in a reduced graph-structure the fibers of different blocks are not homotopic. Indeed, if a graph-manifold has just 2 blocks, then the claim comes from the definition of the reduced graph-structure. If there are more blocks, take one of them, its fiber satisfies the conditions of the previous observation in all the neighboring blocks. Hence, in every neighboring block this fiber is not homotopic to any torus in the remaining boundary components. But in these components lie in particular the fibers of the next neighboring blocks etc.
As the graph-structure is reduced, in all the neighboring blocks f is not homotopic to a fiber-covering map and hence f (∂(T 2 × I)) lie in the same boundary component. Hence one can apply Lemma 2 to the neighboring (T 2 × I)'s and move them into the block where the fiber-covering f (T 2 × I) lies. Case 2: M ϕ cut along preimages of decomposing submanifolds is i (T 2 × I) ∪ (K 2 ×I) ∪ (K 2 ×I). Take the first copy of K 2 ×I, I = [−1; 1], denote the decomposing manifold, in which the image under f of its boundary lies, by M ϕ 1 . Its boundary torus is a two-fold covering of the Klein bottle in the base and if π 1 (K 2 ×I) = π 1 (K 2 ) = a, b|aba −1 = b −1 , then the boundary torus corresponds to the subgroup a, b 2 . As the subgroups of boundary components are square root closed in the fondamental groups of the blocks (Proposition 4), the subgroup f * (π 1 (K 2 ×I), x) must lie in the subgroup corresponding to M ϕ 1 , because f * (π 1 (∂(K 2 ×I)), x) lies there. As K 2 ×I is aspherical, f | K 2 ×I can be moved by homotopy in M ϕ 1 and, hence, out of its original block in the neighboring one. Repeat the previous reasonnings for the union of (K 2 ×I) with the next T 2 × I gives a new (K 2 ×I). In the end it will be two copies of (K 2 ×I), and the image of each of them under f can be moved into the same decomposing manifold. Hence, in this case f is homotopic to a map into a decomposing manifold.
Once f (M ϕ ) is shrinked in one block, look at the homomorphism that f induces on π 1 's. The image of the subgroup of the fiber of M ϕ vanishes when projecting on π 1 of the base of M , because it is abelian normal subgroup of non-abelian free group. Hence, by lemma 1 the map is homotopic to a fiber covering one.
Step 2: any π 1 -injective map of a block f : M → W ′ is homotopic to a map into one block of W ′ . Any block retracts on a torus bundle over a wedge of circles. Torus bundle over a wedge of circles can be obtained from a torus bundle over circle (with the monodromy equal to the product of the monodromies of the petals) by identifying some fibers. Change the map of this "big" single torus-bundle by homotopy given by Step 1. The images of fibers that are identified are two by two homotopic by two kinds of homotopy. The first are given by petals and now lies in one block M ′ . The second comes from identification and still lies in the whole W ′ . In order to identify the images, one has to shrink these homotopies into M ′ .
Apply Main Technical Result to each of these homotopies, this will make their intersections with decomposing submanifolds W ′ π 1 -injective.
If the tori that must be identified are fiber-covering in M ′ , the corresponding homotopies can lie only in the neighboring blocks, where they are not-fiber-covering, hence by Lemma 2 can be shrinked in M ′ .
If the tori that must be identified are not fiber-covering in M ′ , then the homotopies lie in the union of M ′ with its neighboring blocks, because if the part of the homotopy in the neighboring block does fiber-covering, then in the following blocks it does not and Lemma 2 does apply. More, all this homotopies must lie in just one neighboring block of M ′ , because elsewhere we would have a π 1 -injective map (T 2 × I, ∂(T 2 × I)) → (M ′ , ∂M ′ )) which would be non-fiber-covering but sending ∂(T 2 × I) into different components of ∂M ′ . Then the remaining parts of homotopies and the images of all the petals can be shrinked in this neighboring block.
Step 3. For all i, change f | W i according to Step 
being the homotopy on (W i ∩ W k ) × I part and the old f i on W i part; then make the same for f k . By doing it on all pairs of neighboring blocks, one obtain the map f = f i with f i : (W i , ∂W i ) → (W ′ i , ∂W ′ i ). Apply Corollary 2 to every f i to make it fiber covering. It remains to bind the new f i | W i ∩W k and f k | W i ∩W k by a fiber covering homotopy inside the correponding W ′ i ∩ W ′ k , which is possible because they covers the same subbundles of W ′ i ∩ W ′ k with the same degree. We obtain a map f = f i : W → W ′ such that every f i : (W i , ∂W i ) → (W ′ i , ∂W ′ i ) is fiber covering. Theorem 1. Any homotopy equivalence between non-singular graph-manifolds with reduced graph-sructures is homotopic to a diffeomorphism.
Proof. Take the collars of decomposing manifolds in the blocks, the blocks without this collars remain the blocks. For each decomposing manifold M ϕ , the union of its collars on both side is M ϕ × I, call it "double collar of M ϕ " in the graph-manifold.
According to Proposition 6, both maps of the homotopy equivalence f : W → W ′ , g : W ′ → W can be moved by homotopy such that their restrictions on blocks without collars are rel boundary fiber covering maps. As after homotopies we still have gf ∼ id W , the fiber of a block (without collars) M is homotopic to its image by gf . Hence, by Remark 1, gf (M ) ⊂ M for every block of W , i.e. the restrictions of f and g gives the homotopy equivalences rel boundary of blocks without collars. According to Corollary 3, these resrictions are homotopic rel boundary to diffeomorphisms. One has to bind the obtained block's diffeomorphisms on the double collars of the decomposing manifolds. For this note that the diffeomorphisms, that are the restricions of f and g on the boundaries of blocks without collars, are homotopic. Hence restrictions of f and g on double collars of decomposing manifolds are homotopy equivalences rel boundary that are diffeomorphism on the boundaries. As decomposing manifolds are sufficiently large, these homotopy equivalences are homotopic rel boundary to diffeomorphisms, by homotopies that are constant on the boundaries. ( [19] ).
